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Abstract. Let p be a Lie subalgebra of a semisimple Lie algebra g and (G, P) 
be the corresponding pair of connected Lie groups. A Cartan geometry of 
type (G, P) associates to a smooth manifold M a principal P-bundle and a 
Cartan connection, and a parabolic geometry is a Cartan geometry where 
P is parabolic. We show that if P is parabolic, the adjoint tractor bundle 
of a Cartan geometry, which is isomorphic to the Atiyah algebroid of the 
principal P-bundle, admits the structure of a (pre-)Courant algebroid, and we 
identify the topological obstruction to the bracket being a Courant bracket. 
For semisimple G, the Atiyah algebroid of the principal P-bundle associated 
to the Cartan geometry of (G, P) admits a pre-Courant algebroid structure if 
and only if P is parabolic. 
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1. Introduction 

In this paper, we show that non-exact transitive Courant algebroids, possibly 
twisted by a closed 4-form, appear naturally in parabolic geometries. As a result, 
we are also able to show that the Atiyah algebroid of the principal P-bundle of a 
Cartan geometry of type (G, P), for G a semisimple Lie group, admits the structure 
of a pre-Courant algebroid if and only if P is a parabolic subgroup of G. 
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1.1. Motivation. Courant [TS] and Dorfman jTB] independently discovered the 
Courant braclcet on the bundle TM © T*M M while studying Dirac structures. 
Liu et al. [33] later realised this bracket on the double A® A* of a Lie bialgebroid 
(j4, a*) and called the structure endowed by the bracket a Courant algebroid. These 
prototypical Courant algebroids are called exact because an exact Courant algebroid 
E fits into an exact sequence of vector bundles 

O^A*^E^A~^0. 

Exact Courant algebroids appeared most prominently in generalised complex ge- 
ometry (Gualtieri [331 [21], Hitchin [26 ), where the study of the Courant algebroid 
introduced by Courant and Dorfman has led to interesting applications in mathe- 
matics and physics. 

However, there are Courant algebroids which do not fit into such an exact se- 
quence, since exactness is not a necessary consequence of the axioms defining a 
Courant algebroid. Indeed, exact Courant algebroids are the trivial examples of 
Courant algebroids, in the sense that Roytenberg [37| and Severa [38 i have shown 
that any exact Courant algebroid is a deformation of the standard Courant alge- 
broid TM © T*M by a closed 3-form. 

Once we do not demand exactness, the next step is to consider transitive Courant 
algebroids, where the anchor map E — >■ TM is still surjective. Their structure has 
been clarified recently by Bressler [7] and Chen et al. [T3], following the outline 
sketched by Severa '35|. It turns out that any transitive Courant algebroid E is of 
the form 

E ^ TM © f © T*M, 
where £ is another vector bundle over M. Ginot and Griitzmann [5T] have also 
computed the cohomology of transitive Courant algebroids. Nevertheless, there 
appears to be very few examples of non-exact transitive Courant algebroids in 
the literature, outside of the work of Bursztyn et al. [^ on reduction for Courant 
algebroids. 

1.2. Non-exact Courant algebroids in parabolic geometry. The study of 
parabolic geometries is the study of Cartan connections on principal bundles that 
have a parabolic subgroup P of a semisimple Lie group G as their structure group. 
The notion of a parabolic geometry has emerged as a unifying framework and a 
powerful tool for the study of conformal geometry (Armstrong and Leistner [2], 
Bailey et al. [4], Cap and Cover [10]), projective geometry (Eastwood [IS]), CR 
geometry (Cap [5], Cap and Cover [TT]) and related contact structures (Fox P^) in 
differential geometry (see also the bibliography of Cap and Slovak [H]). There is a 
rich representation theory associated to parabolic geometries, since the classification 
of parabolic subalgebras p of semisimple Lie algebras g (see Cap and Slovak [12] ) 
parallels the classification of semisimple Lie algebras. 

In this paper, we show that transitive Courant algebroids that are a priori non- 
exact, possibly with a bracket twisted by a closed 4-form, arise in parabolic ge- 
ometries. Our work here extends the work done in an unpublished manuscript 
of Armstrong [1], the first author of this paper. Besides identifying the transi- 
tive Courant algebroid arising in a parabolic geometry, we have also isolated here 
the topological obstruction to the bracket being a Courant bracket, which is the 
closed 4-form alluded to earlier. This paper also takes a different approach towards 
deriving a formula for the bracket and our results hold without the technical as- 
sumptions, made by Armstrong [1], of regularity and normality on the parabolic 
geometry. 

The candidate non-exact transitive Courant algebroid in a parabolic geometry 
is called the adjoint tractor bundle AM (Definition I3.1.4[) . Besides carrying the 
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structure of a Courant algebroid, it is also naturally a Lie algebroid. In fact, AM 
turns out to be the Atiyah algebroid TV/P of the principal P-bundle V defining the 
parabolic geometry. In addition, the Cartan connection of the parabolic geometry 
gives an isomorphism between the exact sequence of vector bundles 

-> P xpp AM -^V xpQ/p^O, 

induced from the exact sequence of vector spaces 0— !>p^g— >g/p— >0, and the 
Atiyah sequence (Atiyah |^) 

0~^V xpp^ TV/P TM 0. 

associated to V [16j Theorem 1]. 

We also find in Corollarv 13.3.81 that we can realise AM as a Courant extension 
(in the sense of Bressler [7]) 

T*M AM TGo/Go ^ 

of TQo/Gq, which is the Atiyah algebroid given by the Atiyah sequence 

O^Go xgo 00 ^ TGo/Go ^ TM ^ 

of the principal bundle Qo with structure group Go < P- Following the methods of 
Severa [35] , Bressler [7| and Chen et al. [IJ , this leads us to derive detailed formulas 
for the Courant bracket on AM (Theorem I4.2.16P from the Courant algebroid 
axioms. 

As alluded to in the above, however, there is an obstruction to the Courant 
bracket satisfying the Jacobi identity, which is the first Pontrjagin class (more 
precisely, half the first Pontrjagin class) associated to the Atiyah algebroid of Qq. 
When this does not hold, the bracket satisfies a twisted Jacobi identity and we get 
a pre-Courant bracket on a pre-Courant algebroid, in the sense of Vaisman |43) . 

1.3. Outline of the paper. We begin with a brief review of the theory of Lie 
algebroids in ^ with an emphasis on the Atiyah sequence. We then consider 
Cartan and parabolic geometries, and the associated adjoint tractor bundles, in ^ 
Our treatment is rather brief and the reader should refer to the seminal work of 
Cap and Slovak [T^] or the papers referenced therein (e.g. Cap and Cover [TU]) for 
further details. The Weyl structure of a parabolic geometry is then introduced to 
identify the adjoint tractor bundle AM with its associated graded bundle Gr(^M). 

We then consider the theory of (pre-)Courant algebroids in fJH It turns out 
that AM has the same underlying vector bundle structure as a transitive Courant 
algebroid, so we are able to derive explicit formulas for the pre-Courant bracket 
on AM. The Weyl structure of a parabolic geometry also allows us to relate 
the 3-form in the bracket to the first Pontrjagin class associated to the Atiyah 
algebroid of the principal Go-bundle Qq. This gives a topological condition for the 
bracket to satisfy the Jacobi identity and an interesting characterisation of parabolic 
geometries with flat Weyl connections. We then prove Theorem l4.3.4[ which shows, 
in particular, that parabolic geometries supply examples of pre-Courant algebroid 
structures on Atiyah algebroids that seem to have been missing so far from the 
literature. 

Finally, we discuss in [j5]some of the connections the present work has with recent 
developments in related areas and conclude with speculations for future work. 

Throughout this paper, manifolds are assumed to be smooth, finite-dimensional, 
orientable, second countable and paracompact. 
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2. The Atiyah sequence and principal connections 

We review the construction of the Atiyah sequence of a principal bundle V over 
a smooth manifold A/, recast the definition of a principal connection in terms of 
the Atiyah sequence, and consider the existence of isotropic principal connections 
with respect to a non-degenerate metric. Most of the material in this section is 
standard, so our treatment here shall be brief. 

2.1. The Atiyah sequence. 

Definition 2.1.1. A Lie algebroid on M is a vector bundle E ^ M equipped 
with a bundle map a: E ^ TM, called the anchor of E, and a skew-symmetric 
R-bilinear bracket on the sections of E, [—,—]: TE x TE — >■ TE, which satisfies the 
following: 

(1) The Jacobi identity, i.e. for all X,Y,Z e TE, 

[X, [Y,Z]] = [[X,Y],Z] + [Y,[X,Z]]. 

(2) The Leibniz rule, i.e. for ah X,Y eTE, f e C°^(M), 

[XJY]^f[X,Y]+a{X){f)Y. 

(3) The bracket commutes with the anchor, i.e. for all A, F e TE, 

a([A,y]) = [a(A),a(r)]. 

Some basic examples are Lie algebras and the tangent bundle of M. The example 
that is most relevant for our purposes, however, is the Atiyah sequence associated 
to a principal iJ-bundle V over M. 

Consider a principal -ff-bundle t:: V — M, with the Lie group H acting on 
V from the right. The right action oi H on V induces a right action of H on 
TV. Sections of the bundle TV /H over V /H — M are just iJ-invariant vector 
fields on P, so this is a vector bundle over M . The kernel of the projection a := 
TT* : TV /H TM is, by definition, the bundle of vertical if- invariant vector fields 
on V, VV/H. Thus, we obtain the exact sequence of vector bundles 

^ VV/H ^ TV/H A TM 0. 

This could be called the Atiyah sequence, but it is usual and more useful to 
identify VV/H with V Xh i), which is the vector bundle associated to V by the 
adjoint representation of iJ on f). First, we recall the following definition. 

Definition 2.1.2. gSl §3.9] Let R: V x H ^ V he the right action on V and T 
be the tangent map. The map defined by 

j:Vxt)^TV, KA) h^r(i?)(„,e)(0,A), 

where e is the identity of if, is called the fundamental vector field map. The image 
J (A) of A G f) is referred to as the fundamental vector field generated by A. 

We state the following result ([331 Proposition A. 3. 2] or [3S1 Proposition 3.2.2]). 

Proposition 2.1.3. The fundamental vector field map is a vector bundle isomor- 
phism over M identifying V Xh i) with VV/H . 

Hence, we have the desired exact sequence: 

Definition 2.1.4. Let tt : "P M be a principal if-bundle and () be the Lie algebra 
of H. The exact sequence of vector bundles over M 

O^V xhI)^ TV/H a TM 

is the Atiyah sequence of V. We shall call the bundle TV/H the Atiyah algebroid 
of V. The bundle V Xh i) is usually referred to as the adjoint bundle of V. 
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Remark 2.1.5. In fact, the Atiyah algebroid of 7-" is a Lie algebroid, as sections 
of TV /H can be identified with 7J- invariant vector fields on which are closed 
under the Lie bracket and are projectable onto M . For further details, the reader 
is referred to 36, pp. 93-97]. 

2.2. Principal and Lie algebroid connections. We now turn to the relationship 
between Lie algebroid connections of the Atiyah algebroid and principal connections 
on V. 

Definition 2.2.1. A principal connection on P is a smooth horizontal distribution 
UV C TV, such that TV ^nV(SVV and nV is invariant under the right action of 
the structure group H. A principal connection (form) on T' is a l-form w G il^{V, ()) 
that satisfies the following conditions: 

(1) It reproduces the generators of fundamental vector fields, i.e. for any X G t), 

cj{j{X)) = X, 

where j{X) is the fundamental vector field (Definition [2T2]) generated by 
X. 

(2) It is iJ-equivariant, i.e. for any h G H, 

where Rh is the right action of iJ on P and Ad is the adjoint action of H 
on f). 

Next, we recall the notion of a Lie algebroid connection of the Atiyah algebroid. 

Definition 2.2.2. A (Lie algebroid) connection of the Atiyah algebroid of P is a 
section 7: TM — > TV / H of the anchor a: TV /H — >■ TM . A connection reform is 
a vector bundle morphism ui: TV/H V x h ^ such that ui o j = idpxjffn where 
j: V y-H h TV/H is the fundamental vector field map. 

The following result on Lie algebroid connections, which is a specialisation of 
[36l Proposition 5.2.6], is well-known. 

Proposition 2.2.3. 36, Proposition 5.2.6] For the Atiyah sequence of a principal 
bundle V M , 

^ P f) A TV/H A TM 0, 

there exist a right inverse 7: TM TV/H to a and a left inverse w: TV/H — > 
V X H i) to j . In addition, if either a right inverse j or a left inverse lo is given, the 
other can be uniquely chosen to satisfy the condition 

jouj + ^oa^ idrp-p 1^ . 

Thus, there is a one-to-one correspondence between connections and connection 
reforms of the Atiyah algebroid of V . 

It follows that principal connections on V are equivalent to connections of the 
Atiyah algebroid of V. 

Proposition 2.2.4. 36, Proposition 5.3.2] There is a one-to-one correspondence 
between connections of the Atiyah algebroid of V and principal connections on V. 

In the following, we shall assume that the principal i7-bundle V is equipped with 
a non-degenerate metric (— , — ), which is invariant under the right action of H . 
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Remark 2.2.5. The metric induces the usual musical isomorphisms. For any ui,U2 € 
TP, \>:TV ^ T*V is given by 

(b(Mi),U2} = (U1,U2), 

and its inverse is jj: T*V TV. 

Definition 2.2.6. Suppose there is a short exact sequence of vector bundles 

0^ E' ^ E" 

over a smooth manifold Af, and that E is equipped with a non-degenerate metric 
(—,—). An isotropic splitting of this sequence is a section 7: E" E oip: E ^ E" 
such that its image ^{E") is isotropic in E, i.e. the metric vanishes on 'y{E"), or 
l{E") C7(£;")^. 

Proposition 2.2.7. An isotropic splitting of the Atiyah sequence exists. 

Proof. Consider any section 7: TM TV/H of the anchor a: TV/H TM. For 
x,y & T{TM), we define the bundle map 77: TM T*M by 

where {—,—) is the natural pairing. Then 70 = 7 — tt o a* o is an isotropic 
splitting. □ 

Corollary 2.2.8. Isotropic principal connections exist. 

Proof. This is a consequence of Propositions 12.2.41 and 12.2.71 □ 

3. The adjoint tractor bundle 

In this section, we study the adjoint tractor bundle of a parabolic geometry over 
a smooth manifold M. First, we introduce Cartan geometries in iJ3.1l and show that 
AM can be identified with the Atiyah algebroid of the principal bundle V of the 
Cartan geometry. Next, in ^3.2[ we consider the special case of a parabolic geometry, 
which endows the adjoint tractor bundle AM with a rich structure. In particular, 
we show in tj3.3l that there is an associated graded bundle Gr{AM), which can be 
identified with the ordinary adjoint tractor bundle using a Weyl structure. 

3.1. Cartan geometry. We begin by considering a closed subgroup H oia, semisim- 
ple Lie group G, with the corresponding Lie algebras f) C g satisfying the condition 
that dimg/t) — diniM. 

Definition 3.1.1. Suppose tt: 'P — M is a principal i?-bundle over M. With the 
same notation as in Definition 12. 2. 11 we say that a 1-form lo G VL^{V , g) is a Cartan 
connection if w satisfies the following three conditions: 

(1) {H -equivariance) For each h ^ H , 

(RhYuj = Ad(/i"i)w. 

(2) (Reproduces fundamental vector fields) For each X £ t) and j{X) the cor- 
responding fundamental vector field, 

cj{j{X)) = X. 

(3) (Absolute parallelism) For each w G P, the restriction 

wU: T„P^g 

is a linear isomorphism. 
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Definition 3.1.2. A Cartan geometry of type {G,H) is a pair {tt: V ^ M,lu), 
where "P is a principal i/-bundle over M and ut G il^{P,g) is a Cartan connection. 
We shall write P for the Cartan geometry over AI where no confusion could arise 
in the following. 

The following Lemma exhibits an important associated bundle of a Cartan ge- 
ometry. 

Lemma 3.1.3. [T21|3H]- Let P be a Cartan geometry of type (G,H). Then there 
is an isomorphism P Xh fl/t) = TM , where H acts by the restriction of the adjoint 
action of G. 

Proof. Consider the map 

(jy.PxQ^ TM 

{u,X)^{tt{u),tt,u-\X)). 

By Definition I3.1.ir 2'). if X e f), then ijj^^{X) is the fundamental vector field 
generated by X, which is vertical. Hence, factors to a map P x g/f) TM. The 
i/-equivariance of a; means factors further to the vector bundle map P Xh q/^ 
TM over M, which is an isomorphism on each fibre and hence identifies the two 
bundles. □ 

We can now introduce the adjoint tractor bundle, the main object of our study. 

Definition 3.1.4. Let {P — ^ M,uj) be a Cartan geometry of type {G,H). The 
adjoint tractor bundle is the vector bundle AM := P Xh Q associated to the adjoint 
representation of if on g. 

Remark 3.1.5. We need to distinguish between the adjoint bundle, which is the 
vector bundle associated to the adjoint representation of on () C g in the Atiyah 
sequence, and the adjoint tractor bundle. 

The following Proposition is a reformulation of [1^ Theorem 1], which identi- 
fies the adjoint tractor bundle with the Atiyah algebroid of the principal bundle 
associated to the Cartan geometry. 

Proposition 3.1.6. Let (tt: P M,uj) be a Cartan geometry of type {G,H). 
Then the Cartan connection uj induces an isomorphism of exact sequences of vector 
bundles: 

> PxHi) > PxhQ > Pxhq/^ > 



> Pxni) > TP/H ' ) TM > 



In particular, the adjoint tractor bundle AM = P XhQ can be identified with the 
Atiyah algebroid, contains TM as a quotient bundle, and has the adjoint bundle as 
a sub-bundle. 

Proof. There is an isomorphism uj~^ : P x g — ^ TP, which is iJ-equivariant and so 
factors to the required isomorphism of vector bundles P Xh Q ~^ TP/H. We have 
already seen in Lemma [3.1.31 that there is an isomorphism (p: P Xh q/^) TM, 
which completes the proof. □ 
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3.2. Parabolic geometry. A richer structure on the adjoint tractor bundle can be 
obtained by considering parabolic geometries. We begin by considering parabolic 
Lie subalgebras p of a semisimple Lie algebra g. To simplify our exposition, we 
shall consider only complex semisimple Lie algebras (but see Remark l3. 2. 7p . 

Recall that for a complex semisimple Lie algebra g, we can choose a Cartan 
subalgebra f) < g and consider the root spaces of the adjoint representation 

= {X e g I (ad(y) - viY)I)X = 0, VF £ f)} 

where G ()*. This gives us a root space decomposition of g, 

= t)©0flr„ 

where f) = go and A = {0 7^ 77 G [)* | g,, 7^ 0} is the root system of g. 

Remark 3.2.1. It is easy to see that [g^, Qg] C grj+e, provided 7/ + 6* G A. It follows 
that, for any X G g,, and F G ge with 7/ + 6* G A, ad(X) ad(F) is nilpotent unless 
7] + 9 = 0, since A is a finite set. Hence, the Killing form is degenerate on g^ x Qg 
if 7; + 61 ^ 0. 

We can choose a basis of simple roots A'' for the root system of g, which gives 
us a partial ordering on the roots: for a, /3 G A, a ^ /3 if and only ii (3 — a can be 
written in terms of the simple roots with non-negative coefficients. The set of roots 

A+ = {77 G A I 77 ^ 0} 

is then called the system of positive roots. This is encapsulated by the choice of a 
Borel subalgebra b of g, 

b = f)© g^. 

r;GA + 

Note that b is a maximal solvable subalgebra of g. The Borel subalgebra b associated 
in this way to t) and A+ is called a standard Borel subalgebra. 

Definition 3.2.2. Let g be a complex semisimple Lie algebra. A parabolic subal- 
gebra p of g is a Lie subalgebra containing a Borel subalgebra. 

Note that, just as any Borel subalgebra is conjugate to a standard one, any 
parabolic subalgebra is conjugate to a standard one as well. 
We can now state the following result. 

Proposition 3.2.3. 12, Proposition 3.2.1] Let g be a complex semisimple Lie 
algebra, i) be a Cartan subalgebra of g and be a choice of a set of simple roots. 
Then standard parabolic subalgebras p < g are in one-to-one correspondence with 
subsets E of A*^. More precisely, to each p, we can associate the subset Ep = 
{77GA"|g_, ^p}. 

It turns out that choosing a parabolic subalgebra p of a semisimple Lie algebra 
g leads to a grading on g. We give a definition of this grading. 

Definition 3.2.4. Suppose fc G N is nonzero and g is a semisimple Lie algebra. A 
\k\-grading on g, which makes g into a \k\-graded algebra, is a decomposition of g 
into a direct sum of subspaces 

= 0-/C © ■ ■ • ® 0-1 ® So ® Si © ■ ■ • ® 0fe 
that satisfies the following conditions: 

(1) For any i,j G Z, [Si,0j] C g^+j, and whenever |7| > k, = {0}. 

(2) As a Lie algebra, the subalgebra g_ :— g_fc © • • • ©g_i is generated by g_i. 

(3) Neither g^k nor g^: is equal to {0}. 
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The associated filtration is 

j>i 

We shall write p := g° = flo © 0i © ■ • • © flfc and p+ := 0^ Bi © • • • © flfc for the 
nilpotent ideal in p. 

There is a natural grading that can be constructed from the data for specifying 
a parabolic subalgebra. 

Definition 3.2.5. Given a subset E C A'^ = {ryi, . . . ,?7m} of simple roots corre- 
sponding to a parabohc subalgebra p < 0, the T,-height hts(77) of a root 

m 

v = '^bi'n„ 77 e A, 

i=l 

is given by 

The corresponding root space 0^ is also said to have a E-height of hts(7/). 

For each integer i, we can then define the space 0^ to be the direct sum of all 
root spaces of E-height i, except for 0o, which is given by the direct sum of the 
Cartan subalgebra and all root spaces of E-height 0. The ordering on the roots 
then gives us a maximal E-height k. We can now state the following Proposition 
(see Cap and Slovak [T^ for a proof). 

Proposition 3.2.6. 12, Theorem 3.2.1(1)] Let g be a complex semisimple Lie 
algebra, t) be a Cartan subalgebra of q and A'^ be a choice of a set of simple roots. 
Given any standard parabolic subalgebra p < associated to the subset E C A'^, 
decomposing g according to Yi-height 

= 0-fc © • • • © 0fe 
equips g with a \k\-grading such that p = 0*^. 

Remark 3.2.7. We have confined ourselves to treating the case of complex semisim- 
ple Lie algebras, but a similar version of Proposition 13 . 2 .61 holds for the real case. 
In fact, the result in Proposition 13.2.61 can be strengthened: the choice of a para- 
bolic subalgebra p of a real or complex semisimple Lie algebra is equivalent to the 
choice of a |fc|-grading for 0, modulo some technical conditions. For our purposes, 
however, it suffices to know that parabolic subalgebras of give us |fc|-gradings of 
0. We refer the reader to [15^, §3.2] for a more comprehensive treatment. 

We collect some useful properties of a |/c|-graded algebra. 

Proposition 3.2.8. [12, Proposition 3.1.2] Suppose g is a \k\-graded semisimple 
Lie algebra 

= 0^fc © ■ ■ • © 0-1 © 00 © 01 © ■ ■ • © 0fe 
and B is the Killing form on g. Then the following statements are true: 

(1) There is a unique grading element K £ g, which lies in the centre of 0o 
and satisfies the identity [K, X] = jX for all X € gj, j — —k, . . . ,k. 

(2) The duality B : g ^ 0* is compatible with the filtration and the grading of 
0. Hence, for each j — ~k, . . . ,k, B gives a duality of g^) -modules B: gj ^ 
0_j and a duality of p-modules B : 0/0^-'^^ — > 0-' . In particular, g/p = p+. 
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Proof. We sketch a proof. For part 1, note that the map E: g q given by 

E{X)=jX., (XGflj, j = -fc,...,fc) 

is a derivation by Definition I3.2.4f IV As g is semisimple, there exists a unique 
element K g such that E{X) — [K,X]. We then observe that the decomposition 
of if = if-fe + . . . + Kk by grading shows that 

k 

[K,K]^ J2 jKj^O, 

j = -k 

SO K must he in go- Note also that for all X ^ go, [K, X] — 0, so K must lie in the 
centre of go- 

For part 2, first recall that the invariance of -B as a bilinear form means that, 
for any X,Y E g, 

Bi[K,X],Y) = -B{X, [K,Y]). 
If X egi and Y eg^, then (i + j)B{X, Y) ^O,soiii+j ^ 0, then B{X, Y) must 
vanish. This implies that only the restrictions of B to gj x g_j {j = 0, 1, ... , k) 
are non-degenerate, so the duality induced by B is compatible with the grading. In 
particular g^ is dual to g~j. 

To see the compatibility with the filtration, observe that g/g"'"*"^ = 0-fe®- ■ -©fl-i 
as vector spaces, so it has the same dimension as g* = gi © ■ • • © g/c. Moreover, B 
is clearly non-degenerate on g/g^*^^ x g\ so this induces a duality between these 
two spaces. In particular, g/g° = g/p is dual to g^ = p^, and this completes the 
proof of (2). □ 

We can now describe the Lie groups corresponding to the Lie algebras go C p. 

Lemma 3.2.9. [121 Lemma 3.1.3] Let Ad be the adjoint representation of a semisim- 
ple Lie group G on its Lie algebra g, and ad he the adjoint representation of g. Sup- 
pose there is a \k\-grading on g such that we have the Lie subalgehras go C p C g. 
Then we have 

go = e g I ad{X){gi) c gi Vi = -fc, . . . , fc} , 

p^{Xeg\ ad{X){g') eg' Vi = -fc, . . . , fc} , 
and the corresponding Lie groups are 

Go = {.9 e G I Ad(.g)(gi) eg, = -fc, . . . , fc} 

and 

P={g&G\ Ad(5)(g')cg' Vz = -A;, . . . , fc} . 
Thus, P is a parabolic subgroup of G corresponding to the \k\- grading of g. 

Definition 3.2.10. Let P be a parabolic subgroup of G, p C g be the correspond- 
ing Lie algebras and 7^ be a principal P-bundle over a smooth manifold M, with 
dim g/p = dim M. A parabolic geometry on M is a Cartan geometry (tt : 'P — > M, w) 
of type (G,P). 

Recall that the adjoint tractor bundle for a parabolic geometry is then defined 
to be 

AM P xp g. 

We note that Lemma [3.2.91 implies that the filtration is only P- invariant, while the 
grading is Go-invariant. Nevertheless, we can see that the P-invariant filtration 

= 0"'' 3 • • • 3 fl'' 

induces a corresponding filtration 

AM = A-^M D - - - D A^M 
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in the adjoint tractor bundle. In particular, we note that 

A^M^Vxpp, A^M = V xpP+, 

so the quotient bundle AM /A^M is just 

AM/A°M = Vxpg/p9:i TM, 

and by Proposition[332i;2), A^M = T*M. The associated graded bundle Gr(^M) 
has components Gt:,{AM) = ^^M/^^+^Af xp (0Vfl^+^), so 

Gr(^A/) ^TM ®{V xpQ^)® T*M. 

However, as the grading is Go-invariant, this should be defined in terms of a Go- 
bundle. We shall set out to do this in the following. 

3.3. Weyl structures in parabolic geometry. We recall the notion of a Weyl 
structure of a parabolic geometry. This reduces the principal P-bundle V of the 
parabolic geometry to a principal Go-bundle Qq, which allows us to identify the 
adjoint tractor bundle AM with its associated graded bundle Gt{AM). It also 
allows us to show that the adjoint tractor bundle is actually an extension of the 
Atiyah algebroid of the principal Go-bundle C/o. 

We begin by considering the underlying principal Go-bundle tto : ^o M . This 
can be obtained from the principal P-bundle by forming the quotient Qq := V/P+i 
where P+ is the nilpotent normal subgroup of P with Lie algebra p_|_, and yields a 
projection p: V ^ Qq. 

Definition 3.3.1. Let (vr: V — s> M,uj) be a parabolic geometry. A local Weyl 
structure for P is a local smooth Go-equivariant section a: Qq — >■ P of V ^ Go- 

What we require, however, is a global Weyl structure. In the smooth category, 
this always exists, and we state the following result, which can be proved using the 
usual partition of unity argument. 

Lemma 3.3.2. [121 Proposition 5.1.1] There exists a global Weyl structure cf: Qq ^ 
V for any smooth parabolic geometry (tt: P — > M,lo). 

This enables us to identify AM with its associated graded Gr(^A/). 

Corollary 3.3.3. [HI Corollary 5.1.3] Let {tt: V ^ M,uj) be a parabolic geometry 
and AM = V Xp q he the bundle associated to the adjoint representation of P on 
Q. Then Gr(^M) can he naturally identified with Qq Xq^q and a Weyl structure 
gives an isomorphism between AM and Gr(^M), 

AM ^ Gt{AM) = TM ® ^0 xgo 00 © T*M, 

where TM = ^o Xqo fl/p and T*M = Go Xgo P+- 

We also have the following useful result on principal connections. 

Proposition 3.3.4. 1 121 Proposition 5.1.2] Suppose we are given a Weyl structure 
a: Qo V on a parabolic geometry (tt: P — A/, w). Then the pullback of the 
Cartan connection, a*uj £ Q}{Qq,q), decomposes as 

a*LJ — a*Lu^k + ■ • ■ + cf*loq + • ■ • + (T*ujk 

and a*u!o £ ^^{Gq,Qo) gives a principal connection on the principal Go-bundle 
tto-.Gq-^ M. 

Proof. We sketch a proof here, referring the reader to Cap and Slovak [2] for de- 
tails. The Go-equivariance of a induces Go-equivariance on a*uj. The |A:|-grading on 
induces the stated decomposition and each of the components is Go-equivariant, 
so CT*wo is Go-equivariant too. Finally, since the Cartan connection reproduces gen- 
erators of fundamental vector fields and cr is Go-equivariant, cr*ujo also reproduces 
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generators of fundamental vector fields. Hence, cr*wo is a principal connection on 
^0. □ 

Corollary 3.3.5. The principal connection f7*Wo on Qq is a splitting of the Atiyah 
sequence oj Qq, which is given by 

xgo 00 ^ Go xgo P ^ TM 0. 

Proof. By Proposition 12 . 2 . 4l we know that (t*u!o is also a connection of the Atiyah 
algebroid, and hence splits the Atiyah sequence of Gq, 

O^GoXGodo^ TGo/Go ^ TM -> 0. 

We have already identified TM = Go XGo fl/Pi but since p+ = g/p (Proposition 
I3.2.8f 2)) and p — Qo ® p+, we can rewrite the Atiyah sequence as 

^ ^^0 xgo 00 ^ Go xgo P TM 0, 
which completes the proof. □ 

Definition 3.3.6. The principal connection a*ujo on Go is called the Weyl connec- 
tion associated to a. 

We now recall the following definition from Bressler [7]. 

Definition 3.3.7. A Courant extension of a Lie algebroid ^ is a Courant algebroid 
E with an isomorphism of Lie algebroids E/T*M = A. 

The next statement follows immediately from Corollaries 13.3.31 and 13.3.51 

Corollary 3.3.8. The adjoint tractor bundle AM is a Courant extension 

^ T*M AM -> TGolGo 

of the Atiyah algebroid TGo/Go associated to the Atiyah sequence 

O^Go XGo 00 ^ TGo/Go ^ TM ^ 

of the principal Gq -bundle Go over AT 

4. Transitive Courant algebroids 

After a review of the theory of transitive (pre-) Courant algebroids, following 
Kosmann-Schwarzbacli (30, . Uchino [42, and Vaisman [43j . we derive the formulas 
for the (pre-)Courant bracket on the adjoint tractor bundle AM and isolate the 
topological obstruction to the Jacobi identity, which prevents the bracket from 
being a Courant bracket in general. Finally, we show that if the adjoint tractor 
bundle of a Cartan geometry of type (G, iJ), where G is a semisimple Lie group, 
admits a (pre-)Courant bracket, then it must come from a parabolic geometry. 

4.1. Basic properties and structure. We begin with the definition of a Courant 
algebroid, using the minimal set of axioms as given by Uchino [42j and reformulated 
by Kosmann-Schwarzbach |30) . 

Definition 4.1.1. (Kosmann-Schwarzbach [3^) A Courant algebroid is a vector 
bundle E ^ M over a smooth manifold M equipped with a nondegenerate metric 
(—,—), a map of vector bundles a: E TM, called the anchor, and a R-bilinear 
operation [—,—], called the Courant bracket, which satisfies the following conditions 
for any / e C°°{M) and any ei, 62, 63 e E: 

(4.1.1) [ei, [e2, 63]] = [[ei, 62], 63] [e2, [ei, 63]] 

(4.1.2) a(ei)(e2, 63) = (ei, [e2, 63]) + (ei, [63, 62]) 

(4.1.3) a(ei)(e2, 63) = ([ei, 62], 63) -f (e2, [ei, 63]) 
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A Courant algebroid is said to be transitive when the anchor a is surjective. 

Remark 4.1.2. When the Jacobi identity (|4.1.ip does not hold, we shaU caU the 
bracket a pre-Courant bracket and the corresponding structure a pre- Courant al- 
gebroid, foUowing Vaisman [43]. (It is called a twisted Courant algebroid by Sheng 
and Liu 40,.) It is then known [71 Lemma 3.8] that the Jacobiator 

^"(61, 62, 63) = [ei, [62, 63]] - [[ei, 62], 63] - [62, [61, 63]] 

is actually a 1-form. 

We state the following properties, which follow directly from the above axioms, 
but were originally included as the defining axioms for a Courant algebroid. 

Proposition 4.1.3. 30, Theorem 1] Let [E — > Af, (— , — ),«, [— , — ]) be a Courant 
algebroid. For all 61,62 € r(i?) and all f G C°°(M), the following identities hold: 

(1) [ei, /62] = /[61, 62] + (a(6i)/)e2, 

(2) a([6i,e2]) = [a(ei),a(62)]TM; 

where [— , — ]tm is the Lie bracket of vector fields on M. 

Remark 4.1.4. Proposition 14.1.31 is also true for pre-Courant (or twisted Courant) 
algebroids, and this was shown explicitly by Sheng and Liu |40[ Lemmata 5.4-5.5]. 

We now define the K-linear map d: C°°{M) -> r{E) 

(4.1.4) (a/,6)=a(6)/, 
which can also be written, equivalently, as 

(4.1.5) df^ioa*df, 

where we have used the musical isomorphism and a* : T* M — > E* . It is clear that 
imd generates jj o a*{T* M), considered as a sub-bundle in E. By viewing (62, 63) 
as a function in C°°(M), we can use (|4.1.4p to rewrite (|4.1.2p as 

(ei, 9(62, 63)) = (61, [62, 63] + [63, 62]). 

Since the metric is non-degenerate, this gives us an identity for the symmetrisation 
of the Courant bracket 

(4.1.6) 9(61, 62) = [ei, 62] + [62, 61]. 
Writing the skew-symmetrisation of the Courant bracket as 

Iei,62l = ^([61,62] - [62,61]), 
we find an identity for the deviation of the Courant bracket from skew-symmetry: 

(4.1.7) [61,62] = [61,62! + ia(6i, 62). 

The following proposition reveals an important piece of information about the 
structure of a pre-Courant algebroid. We give a proof, partly along the lines of 
Uchino [42) and Vaisman '43 . Our proposition is valid, however, for pre-Courant 
algebroids, since the proof does not invoke the Jacobi identity and, as noted in 
Remark 14.1.41 Proposition 14 . 1 . 3l is still valid for pre-Courant algebroids. 

Proposition 4.1.5. Let {E M, a, (— , — ), [— , — ]) be a pre-Courant algebroid and 
the map d: C°°{M) T{E) be defined as in (pXil) . Then for any f G C°°(M), 

a{df) = 0, 

i.e. im9 C kera. Moreover, imd is isotropic in E and (im9)^ — kera, so kera 
is coisotropic, and we have the inclusions 

(kera)^ C kera C E 
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Proof. Let ei, 62 G r(i?) and / e C°°(-/V/). We first consider the expression [/ei, 62]. 
Using Proposition 14 . 1 . 3f 1 ) . as well as (j4.1.6p twice, and observing that d obeys the 
Leibniz rule on functions, we see that 

(4.1.8) [/ei, 62] = /[ei, 62] - (a(e2)/)ei + (d, 62)9/. 

Applying the anchor to both sides of the equation and Proposition l4. 1.31 2). we find 
that on the left-hand side, the Leibniz rule for vector fields gives 

[fa{ei),a{e2)]TM = /[a(ei), a(e2)]TAf - (a(e2)/)a(ei) 

while on the right-hand side, 

[fa{ei),a{e2)]TM = /["(ei), a(e2)]TAf - (a(e2)/)a(ei) + (ei, e2)a(5/). 

Since 61,62 and / are arbitrary and the metric is non-degenerate, we can assume 
that (61,62) is nonzero. Hence, a{df) — 0, so imd C kera. 

Note that since a{df ) = is equivalent to the fact that, for any /, g 6 C°°(M), 

(a/,a5)-(«(9.9))/ = o, 

this shows that im9 C (im9)^. 

To show that [und)^ = kera, observe that TM ^ (im9)^, so (vavd)^ C kera. 
Also, for any e £ kera and / G C°°(M), we have 

(a/,6) = (a(6))/ = 0, 

so (im9)^ = kera. Taking complements gives im9 = (kera)^ C kera — (im9)^, 
so ker a is coisotropic. □ 

Corollary 4.1.6. Let E :~ kera/(kera)''". The following are exact sequences of 
vector bundles: 

kei a E TM ^ 
-> (kera)-'- kera £ ^ 

Hence, E splits as 

E ^ TM ®£S) T*M. 

Proof. Since we are working over the smooth category, every exact sequence of 
vector bundles splits. The reader is referred to Lemma 1.2] for details of the 
construction of such a splitting. □ 

Remark 4.1.7. Note that in the case of exact Courant algebroids, £ vanishes, since 
kera = (kera)^ T*M. 

The next definition will be useful in the sequel. 

Definition 4.1.8. The reduced Lie algebroid of E is defined to be 

A' := E/{kcTa)^ = TM © £. 

Remark 4.1.9. Bressler has shown that A' is actually a Lie algebroid [Tl Lemma 
2.2]. To see this, observe from (|4.1.7p that the defect in the skew-symmetry of the 
Courant bracket takes values in (kera)-*-. Thus, the Courant bracket on E restricts 
to a Lie algebroid bracket on A' . 
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4.2. The Courant bracket and the first Pontrjagin class. For a transitive 
pre-Courant algebroid E — M, we have seen in the above that E = TM®8®T* M , 
where £ is another vector bundle over M . We have also shown in i33.3l that the 
adjoint tractor bundle AM decomposes into the direct sum AM = TM © [Qq Xqq 
0o) ffi T*M of vector bundles. In the sequel, we set 

£ ■= Gq 00- 

Remark 4.2.1. We begin with some remarks on notation. We shall also write 

A' ^TM®£ 

for the reduced Lie algebroid of AM , as in Definition 14. 1.81 

We shall need to distinguish between various brackets of Lie and Courant alge- 
broids. The Lie bracket on r(^') (resp. r(f )) wiU be denoted by [— , — (resp. 
[— ,— Jg), the Courant bracket on r(^A/) by [— and the usual Lie bracket 
for T{TM) by [-,-]. 

Besides the metric (— , — ) on the Courant algebroid AM , which is induced by the 
Killing form on g, we shall also encounter the natural pairing (— , — ) of vector fields 
and 1-forms, which we shall consider to be the restriction of (— , — ) to T*M x TM . 
Since the metric on AM is also non-degenerate when restricted to we shall denote 
this restriction by (— , —)£ where necessary. 

From the axioms defining a Courant algebroid, we shall now derive the formulas 
for the Courant bracket on AM , together with any conditions that must hold for 
the bracket to be Courant. We first consider the cases where the Courant bracket 
on AM takes at least one argument in T{T*M). These can be deduced from the 
properties of Courant algebroids, given in H4.ll without any further data. 

Lemma 4.2.2. 43, Proposition 1.2(c)] For any e e T{AM) and any / e C°°{M), 
we have the following identities: 

(4.2.1) [e,df] = d{a{e)f), [df,e] = 0. 

Proof. Let ei, 62, £3 G T{AM). Recall that the Jacobiator of [— , — ] is defined by 
^(61,62,63) = [ei, [62,63]] - [[61, 62], 63] - [62, [61,63]]. 

Observe that 

^"(61, 62, 63) + J'(62, 61, 63) = ~[([6i, 62] + [62, 61]), 63] 

= -[(9(61, 62), 63], 

where the last line follows from (|4.1.6p . Note also that any / G C°°(Af) may be 
expressed locally in terms of the metric as 

/ = -^(e,/e), eGr(^M),(6,6)7^0. 

(6,6) 

Hence, since the Jacobiator is trivial by definition of the Courant bracket, we have 
the second part of (|4.2.ip . The first part follows from substituting the second part 
into the symmctrisation (I4.1.6P of the Courant bracket. □ 

Corollary 4.2.3. Let Xi,X2 G T{TM), si,S2 G T{£) and T]i,r]2 G T{T*M). The 
following identities hold: 

[Xl,ri2]AM = Cximi 
[V1,X2]aM = -JC-X2VI +d{m,X2), 

[m,S2]AM = [si,?72]>tAf = [Vl,fl2]AM = 0. 

In the above, C is the Lie derivative, d is the exterior derivative and (— , — ) is the 
metric on AM . 
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Proof. All the identities follow from (|4.2.1I) in the following ways: the first identity 
on applying Proposition 14 . 1 . 3f 1) . the second identity by using (j4.1.8p and the last 
set of identities by observing that all the terms take values in kera and T*M is 
isotropic in ker a. □ 

The next step in the derivation of the formulas is to introduce a connection for 
the Courant algebroid. We recall Bressler's definition of a connection for a Courant 
algebroid. 

Definition 4.2.4. [71 Definition 2.5] A connection 7 on a transitive Courant alge- 
broid is an isotropic section of the anchor map a. 

Remark 4.2.5. This is not as restrictive a condition as it may seem, for we can 
always find an isotropic section, given any section, using the construction in Propo- 
sition [2?2T2l In fact, the connections that shall concern us are actually principal 
connections, so Proposition 12.2.71 would be especially useful. 

Definition 4.2.6. The curvature W of a connection 7 on a transitive Courant (or 
Lie) algebroid is defined by 

R^{Xi,X2) [7(Xi),7(X2)] -7([^i,^2]), ^1,^2 e r{TM). 

Remark 4.2.7. Mackenzie |36j has shown that this definition of the curvature on 
a Lie algebroid is equivalent to the usual definition. It is easy to check that 
takes values in kera and is actually a map R'' : TM kera or a (kera)-valued 
2- form on M. 

Remark 4.2.8. In the sequel, we shall write 7 :— a*uJo for the Weyl connection 
associated to the Weyl structure a of AM (Definition I3.3.6p . We note that 7 is 
automatically isotropic as a connection of A' . 

The next proposition gives the Courant bracket when both arguments are ele- 
ments in T{TM). 

Proposition 4.2.9. Let AM be the adjoint tractor bundle of a parabolic geometry 
{it: V ^ M,uj) with a Weyl structure a: Qo V and 7 be the Weyl connection 
associated to a. Then, for any Xi,X2 G T{TM), 

[XuX2Um - [^1, ^2] + R^iXi,X2) + n{Xi,X2, -). 

Here, Ti. G 51'^(M) is defined, for any X^ G V{TM), by the formula 

(H(Xi,X2,-),7(X3)) = ([7(Xi),7(X2)]^M,7(X3)), 

where ^ is a lift of ^ to a connection on AM, (— , — ) is the metric on AM, and 
(— ,— ) is the natural pairing between vector fields and 1-forms. 

Proof. The first term follows from Proposition I4.1.3T 2'). For the second term, we 
observe that the first two terms should give the bracket [Xi,X2]a' of Xi and X2 
on A' . Since we have shown in Corollarv l3.3.5l that the Weyl connection is in fact a 
connection of the Atiyah algebroid of ^?o, which is actually the reduced Lie algebroid 
A! , the second term can be deduced from Definition 14.2.61 

Since i?^, the curvature of 7, takes values in kera — £ ® T*M, we note that it 
splits into 

R'f ^Ry +W 

where R} e n^{M,£) is the lift of R^^ to AM and W £ n^{M) ^ T*M. The 
calculations in [71 Lemma 3.6] then show that % is indeed totally skew-symmetric, 
hence in r2^(M), and satisfies the given formula. □ 
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Proposition 4.2.10. With the same notation as in Proposition \4.2.y[ and for any 

Xi G T[TM) and Si,S2 G r(£), we have 

[Xi,S2]am = ~[s2,Xi]am = [i{Xi),S2]a' - {R''{Xl,-),S2) 

[Sl, S2]^A/ = [Sl, S2]£ + ([7(-), Sl]^', S2) 

Proof. It is clear from Proposition 14. 1 1^ 2) tliat [Xi,S2]^m and [•si,S2]_4a/ cannot 
have any terms in r(TM), so tlie first terms of each identity are as shown above. 
It remains to show that the 1-form is defined as such for each identity. Suppose 
(/)(Xi,S2) is the 1-form in [Xi,S2]am, and let X^ S T{TM). Then we have 

(<^(Xi,S2),^3) = (0(Xi,S2),7(X3)) 

= ([7(^1), S2]^M, 7(^3)) 

= (Xi)(7(X3),S2) - ([7(Xl),7(^3)]^M,S2) 

= -(7([Xi,X3]) + i?^(Xr>3)+H(Xi,X3,-),S2) 

- -{W(X^X:i),S2), 
as required. Since {Xi,S2) — 0, it follows from (j4.1.6p that 

[Xi,S2]aM + [s2,-'^l]^Af = 0, 

SO [^i,S2]^j\/ ~ ~[s2,Xi\am- For the second identity, let ip{si,S2) be the 1-forni. 
It follows that 

{ip{si,S2),Xz) = ((p(si,S2),7(X3)) 

= ([S1,S2]^M,7(^3)) 

= -(s2, [si,i{X^)]am) 

= ([7(^3),Sl]^M,S2) 
= ([7(^3),Sl]^',S2), 

as required. This completes the proof. □ 

Finally, we need to find the conditions that guarantee the Jacobi identity for the 
bracket defined by the formulas. We first make this observation. 

Lemma 4.2.11. The map V : r{TM)(E)r{£) r{£), defined for any X e r{TM) 
and s £ r(f ) by 

Vxs := hiX),s]A', 

is a Koszul connection on £ , so it satisfies, for any f G C°°{M), the equations 

V(/x)S = /Vxs and V x{f s) = fV xs + X{f)s 

Proof. This is a consequence of the Leibniz rule for Lie algebroids and the fact that 
the projection of s under the anchor vanishes. □ 

Remark 4.2.12. To simplify notation, we shall write, for any X G T{TM) and 
s G r(f), the expression [^{X),s\a' as Vxs. 

Next, we recall the following definition of the first Pontrjagin class. 

Definition 4.2.13. (Bressler [7;, Chen et al. [T3]) Let ^ be a transitive Lie alge- 
broid with bracket [— , — anchor a and £ := kera. Suppose A is endowed with 
an ad-invariant fiber-wise non-degenerate bilinear pairing (— , —)£ on £ such that 
the bracket is compatible with the pairing. Then (.4, (—,—)£) is called a quadratic 
Lie algebroid by Chen et al. |14) . 
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Let 7 be a section of the anchor a and be its curvature (Definition I4.2.6P . 
Then the cohomology class of the 4- form {W A K^) £ n'^{M), which is defined for 
any Xi,X2,X3,X^ G TiTM) by 

{R'' A R'^){Xi,X2,X3,X4) - {R'^ {X^-^i), X^i^2)), R'^ i^Tis)^ Xt(4)))£ 

reSi 

is called the first Pontrjagin class associated to (.4, (—,—)£). 

Remark 4.2.14. Note that {K^ /\R'') is a closed 4-form and the first Pontrjagin class 
does not depend on 7. We also remark that the reduced Lie algebroid {A' , (— , —)s) 
of AM satisfies the conditions of Definition 14.2.131 so it has an associated first 
Pontrjagin class. 

We are now ready to state the conditions that must hold for the Jacobi identity 
to be true for the bracket just defined. 

Proposition 4.2.15. Let Xi,X2,X3 e T{TM) and si,S2,S3 S T{£). For the 
formulas given in Corollary \4.2.3\ and Propositions \4.2.9\ and \4.2.10\ to define a 
Courant bracket on AM , the following compatibility equations must be satisfied: 

VxiVx,s3- Vx,VxiS3- V[x,,x.]S3 = [i?^(Xi,X2),s3]£; 
{sj XiR^ {X2, X:i) + i?^([Xi,X2],X3)} + cyclic permutations = 0; 
the condition that 

d'H^]^{R'< AR^), 

where % is the 3- form defined in Proposition \4-.2.9\ and (i?^ A i?^) is the closed 
4-form defined in Definition \4.2.l3j and the Cartan relations. 

Proof. It is clear from Corollary 14.2.31 that the Jacobi identity is trivially satisfied 
when it involves more than one 1-form, or one 1-form and one element from T{£). 
For the cases where the Jacobi identity involves two vector fields and one 1-form, the 
Cartan relations ensure that the Jacobi identity is satisfied. It remains to consider 
the remaining cases. 
For the case 

[-''^1, [S2, S-i\AM]AM = [[XitS2\aM, S^]aM + [s2, [-'^l , S3]^A/]^M , 

it is easy to see that this reduces to the equation 

Vxi[s2,S3]£ = [VxiS2, 53]^!' + [S2, VxiS3].A'- 

In the case where 

[Xi, [X2TS'i\AM\AM = [[Xi, X2]aM , SsIaM + [X2, [-'^^1 , S3]^M]^Af , 

we see that 

[-'^^1, [X2, S3]am]aM = [Xi,Vx233 - {R{X2, Sz)£\aM 

and, similarly, [X2, [-^1, S3]^M]^Af = ^ x^^ XtSs.. Since 

[[Xi, X2]aM , S3]aM = V[Xi,Jf2]'53 + [-R''(^l,-''^2), S3]£, 

we see that the Jacobi identity in this case is equivalent to 

VxiVx,S3- Vjf,VjfiS3- V[Xi^X2]S3 = [i?^(Xi,X2),S3]£. 

The last two identities, together with the Jacobi identity for vector fields on M, 
are equivalent to the Jacobi identity 

[Xi, [X2tX^]am]aM = [[Xi,X2] AM, X3]am + [X2, [Xi, X3]am]aM ■ 
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The verification is a long but straightforward calculation, and we refer to fT', Lemma 
3.8] for the full details of that calculation. □ 

We collect the formulas for the Courant bracket in the Theorem below. 

Theorem 4.2.16. Let [V -4 Af, w) be a parabolic geometry of type [G,P) over a 
smooth manifold M with a Cartan connection uj. Suppose there is a Weyl structure 
a on V , so that we have a Weyl connection 7, which is also a principal connection 
on Qq := V /P+, with curvature . Let 

AM = TM ®£(B T*M 

be the adjoint tractor bundle ofV with an &d-invariant metric (— , — ) induced from 
the Killing form on q. For any Xi, X2, £ T(TM), si, S2, S3 G r(£) and ryi, 772 G 
O-^(M), the formulas 

[Xi,X2]am = [X^,X2]+W{X^,X2)+n{Xi,X2.-), 

[Xi,S2]am = [7(^1), S2]^' - {W{Xu-),S2) = -[s2,X,Um, 

[si,S2]aM = [S1,S2]£ + {[j{-),Si]a',S2), 
[Xl,r]2]AM = JC'Xi1]2, 

[Vi,X2]am = --Cxa^yi +d{rii,X2), 
['7i,S2]^M = [si,ri2]AM = [vi,V2]am = 0, 
together with the compatibility equations 

Vxi[s2,S3]£ = [VxiS2,S3]^' + [S2, VxiS3]yt', 
VxiVxaSS - VxaVxiSa - V[Xi,X2]S3 = [^''(-'^1,^2),S3]£, 

{\7xiB^{X2,X3) + R'''{[Xi,X2],X3)} + cyclic permutations = 0, 
the topological condition 

(4.2.2) dH = i(i?''Ai?^), 

and the Cartan relations, define a Courant bracket [^,—]am on AM. 

Remark 4.2.17. Condition (|4.2.2p states that {R'^ A i?'^) is an exact 4-form. In 
other words, the first Pontrjagin class of {A', (—, —)e) must vanish for the bracket 
[— , —]am to define a Courant bracket on AM. 

If the first Pontrjagin class does not vanish, the adjoint tractor bundle then 
becomes what Hansen and Strobl [551 Definition 1] call an /J4-twisted Courant 
algebroid, where H4 is the closed 4-form given by 

Hi{XuX2,X3,-) = {-^{R-' AR^)+dH){Xi,X2,X3,-). 

This is equivalent to the notion of a pre-Courant algebroid and it has been shown 
by Sheng and Liu that this gives rise to what is called a Leibniz 2-algebra in (101 
Theorem 5.3]. 

Classes in degree 4 cohomology can also be associated to bundle 2-gerbes, as 
shown by Carey et al. [T3] and Stevenson [JT] , but we shall postpone the investiga- 
tion of these objects to future work. 

We also get an interesting characterisation of parabolic geometries with flat Weyl 
connections. 

Corollary 4.2.18. Let {V M,uj) be a parabolic geometry of type {G,P) over a 
smooth manifold M with a Cartan connection uj. Let a be a Weyl structure on V 
and 7 be the associated Weyl connection. If j is flat, then the bracket [—,—]am 
defined in Theorem \4.2.16\ endows the adjoint tractor bundle AM of the parabolic 
geometry with the structure of a Courant algebroid. 
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4.3. (Pre-)Courant structures on Atiyah algebroids. In the following, we 
shall write (g, ()) for a pair of Lie algebras, where f) is a Lie subalgebra of g and 
g is assumed to be semisimple, and let (G, H) denote the corresponding pair of 
connected Lie groups. 

We shall show that if the Atiyah algebroid of a principal i/-bundle V over a 
(dimg — dim f))-dimensional manifold M, with model fibre g, admit the structure 
of a pre-Courant algebroid, then () is a parabolic subalgebra of g. Equivalently, this 
shows that for any Cartan geometry of type (G, H) with G semisimple, the adjoint 
tractor bundle can be equipped with a pre-Courant algebroid structure if and only 
if is a parabolic subgroup of G. 

It is clear from the |fc|-grading on g fPefinition I3.2.4p induced by the choice of 
a parabolic subalgebra that parabolic subalgebras of semisimple Lie algebras are 
coisotropic. Our desired result follows from the converse, which turns out to be an 
old result of Dixmier [ITl Lemme l.l(i)], who attributed the proof to P. Tauvel. 
We shall require Dixmier's result in a form (Proposition 14. 3T^ somewhat different 
from the version in the literature. 

Dixmier's result requires the following observation. For any /i G g with jj = 
B{h, — ) G g*, there is an associated skew-symmetric bilinear form given by 

Bh{X, Y) = B{h, [X, Y]) = r;([A, Y]), V A, y e g. 

Suppose p is any subalgebra of g. Then we write 

p^" :={AGg|i?(/i,[A,y]) = VFGp}. 

We note that h G g^*" C p^'* by the invariance of the Killing form. 

Remark 4.3.1. The notion of coisotropy used by Dixmier [17 in the hypothesis for 
his Lemme 1.1 is that p^'' C p. Similar notions have arisen, for example, in Poisson 
geometry and Lie bialgebras (see Li-Bland and Meinrenken |32j, Weinstein [33], 
Zambon [3S])- Our notion of coisotropy is somewhat different, but produces the 
desired result. For completeness, we give details of the proof, which closely follow 
the original, since it does not seem to be well-known. 

Proposition 4.3.2. Let g be a complex semisimple Lie algebra and p be a subalgebra 
of g such that p^ C p. Then p is a parabolic subalgebra of g. 

Proof. We use the invariance of the Killing form to see that 

B{[h,p^^],p) = B{h,[p^\p])^0 

This shows that [/i,p^'»] C p^. Swapping p^'' and p in the bracket, we find that 
(p-Lh-)_Lh = so /i G p as well. 

To see the reverse inclusion, note that the map ad(/i) : p-*"'* [/i,p-^''] vanishes 
precisely over g^''. It follows that dim([/i, p''"'']) = dim(p^), so we have 

[h,p^-]=p^. 

It follows from the invariance of the Killing form that [p-'-, p] C p^, so p-*^ is an ideal 
in p, and hence a subalgebra of g. 

Since g is a complex semisimple Lie algebra, we can choose a Cartan subalgebra 
()o and a root system A of g with a subsystem of positive roots A+. Note that if 

t)+ 0.,, 

then the Killing form is degenerate on f)+ and b = f)o © f|+ is a Borcl subalgebra of 
g. It follows that [h, p^''] = p^ C [)+, since [)+ is maximal amongst the subalgebras 
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in g for which the Kilhng form is degenerate. Now, 

B{h, [p^^ f)o © [)+]) - Bi[h,p^'^], [)o ® [)+) 
C S([)+,f)o ©()+), 

but -B(f)+, f)o©f)+) = 0, which imphes that f)o©fl+ C (p^'*)-'-'' = p. Since p contains 
a Borel subalgebra of g, it foUows that p is a parabohc subalgebra of g. □ 

Remark 4.3.3. The resuh also holds when we work over the reals, since a parabolic 
subalgebra p of a real semisimple Lie algebra g is defined to be a subalgebra such 
that its complexification pc is a parabolic subalgebra of gc- 

We now state the following theorem. The real case follows from complexification. 

Theorem 4.3.4. Let g be a complex semisimple Lie algebra and t) <Z g be a Lie 
subalgebra. Let (G, H) be the corresponding pair of connected Lie groups and M 
be a manifold of dimension n = dimg — dinif). Then the Atiyah algebroid of a 
principal H-bundle V over M 

xni) xh g^ TM 

admits the structure of a transitive (pre-)Courant algebroid if and only if \) is a 
parabolic subalgebra of g. 

Proof. We have established the converse in >j4.2l Now recall from Proposition 14 . 1 . 5l 
that if i? is a pre-Courant algebroid with 

-> ker a ^ £; ^ TM 0, 

then (kera)"'- C kera with respect to the metric on E. If E is an Atiyah algebroid, 
this reduces to finding all subalgebras () of g = (g/t)) © f) such that, with respect to 
the Killing form, either [) is coisotropic (and E is non-exact) or f)^ = f) (and E is 
exact). 

If f)^ = f), the properties of the exact pre-Courant algebroid imply that t) and 
g/t) are dual to each other, i.e. g/f) = \)* . However, since the fibres of TM are 
supposed to be modelled by g/f), this implies that g/t), and therefore t), must be 
isomorphic to (a direct sum of copies of) C". Hence, g cannot be semisimple, which 
contradicts our hypotheses. 

Proposition l4.3.2l then shows that the coisotropic case is equivalent to t) being a 
parabolic subalgebra of g. The results in i i4.2l show that, in this case, the Atiyah 
algebroid admits the structure of a non-exact transitive (pre-)Courant algebroid, 
which concludes the proof. □ 

Remark 4.3.5. We note that if we do not require g to be semisimple, then t) need 
only be coisotropic in g. One could conceivably consider Cartan geometries in which 
this condition holds (see Xu [IS] for example), but since parabolic geometries are 
already fairly abundant and extensively studied in the literature, we have chosen 
to focus on these geometries. 

5. Concluding remarks 

In this paper, we have shown that parabolic geometries are a source of transitive 
(pre-)Courant algebroids which are a priori non-exact. The first Pontrjagin class 
of the associated Atiyah algebroid, represented by a closed 4-form, naturally ap- 
pears in the process and would be interesting to study in relation to the parabolic 
geometry, particularly since classes in degree 4 cohomology can also be associated 
to bundle 2-gerbes (see, for example, the papers by Carey et al. [13] and Steven- 
son [H]). 
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Just as exact Courant algebroids have played a major role in the study of T- 
duality, via generalised complex geometry, non-exact Courant algebroids have also 
begun to appear in recent works generalising T-duality. For example, recent work 
by Hohm and Kwak |27j , who were extending the double field theory of Hull and 
Zwiebach |2H1 [SH] to heterotic strings, has shown that the gauge algebra, in this 
case, turns out to be a non-exact Courant algebroid. 

The notion of a Courant algebroid has also been generalised in many directions. 
For example, Sheng and Liu [10] have studied Leibniz 2-algebras, which can arise 
from the pre-Courant algebroids studied here. The notion of a Leibniz algebroid, 
which sacrifices a weak skew symmetry for a strict Jacobi identity, has been intro- 
duced by Baraglia [5] . Interestingly, Baraglia [S] and Li-Bland [3T| have introduced 
more exotic generalisations of Courant algebroids to study generalised versions of 
parabolic geometries, which may hint at a relation with the pre-Courant algebroids 
studied here. 

After a draft of this paper was completed and circulated, several preprints have 
appeared that build upon the work done here, including those by Liu et al. (34j and 
Xu [IS]. We are heartened by the growing interest in the topic. 
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